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Ë. ÁÅÄÀÒÞÊ
Abstrat. Let L be one of the nite dimensional Lie algebras Wn(m), Sn(m), Hn(m) of
Cartan type over an algebraially losed eld of prime harateristi p > 0. For an elements
F of the symmetrial algebra S(L) we found neessary and suient ondition in order to
the element ad(∂1)
pm1−1ad(∂2)
pm2−1 · · ·ad(∂n)
pmn−1(F ) belongs to the symmetrial invariants
algebra S(L)L. Also, for p = 3, 5 the algebra of symmetrial invariants S(H2)
H2
is alulated
in expliit way.
1. Íåõàé L îäíà iç ïðîñòèõ ñêií÷åíîâèìiðíèõ àëãåáð Ëi êàðòàíiâñüêîãî òèïó Wn(m),
Sn(m), Hn(m), äåm = (m1, m2, . . . , mn), mi ∈ Z, ÿêà ðîçãëÿäà¹òüñÿ íàä àëãåáðà¨÷íî çàìêíóòèì
ïîëåì K äîäàòíüî¨ õàðàêòåðèñòèêè p. Àëãåáðà L ¹ ãðàäóéîâàíà
L = L−1 ⊕ L0 ⊕ · · · ⊕ Lr, [Li, Lj] ⊂ Li+j .
Òóò r = n
∑
k(p
mi − 1) − 1 äëÿ Wn(m) i r = n
∑
k(p
mi − 1) − 2 äëÿ àëãåáð Sn(m), Hn(m).
Êîìïîíåíòè âiäïîâiäíî¨ iëüòðàöi¨ ïîçíà÷èìî ÷åðåç Li = Li⊕Li+1⊕· · ·⊕Lr, L−1 = L, äèâ.
âñi äåòàëi â [1℄. Îá÷èñëåííÿ öåíòðó Z(L) óíiâåðñàëüíî¨ îãîðòóþ÷î¨ àëãåáðè U(L) ¹ îäíi¹þ
iç âàæëèâèõ çàäà÷ ó âiäêðèòié ïðîáëåìi êëàñèiêàöi¨ íåçâiäíèõ çîáðàæåíü àëãåáðè L. Íà
ñüîãîäíiøíié äåíü öåíòð Z(L) ïîâíiñòþ îïèñàíèé ëèøå äëÿ àëãåáðè W1(m) â [2℄. Îêðåìi
öåíòðàëüíi åëåìåíòè äëÿ äåÿêèõ àëãåáð çíàéäåíi â [3℄, [4℄.
Ïåðøèì êðîêîì â îïèñi àëãåáðè Z(L) ìîæå áóòè çíàõîäæåííÿ àëãåáðè iíâàðiàíòiâ S(L)L
ñèìåòðè÷íî¨ àëãåáðè S(L) âiäíîñíî ïðè¹äíàíî¨ äi¨ àëãåáðè L. Àëãåáðà S(L)L ¹ ñêií÷åííî
ïîðîäæåíîþ àëãåáðîþ íàä p-öåíòðîì àëãåáðè L.Ìiìàëüíà êiëüêiñòü ïîðîäæóþ÷èõ åëåìåíòiâ
àëãåáðè S(L)L îá÷èñëåíà â ðîáîòi [5℄, ïðîòå ÿâíèé âèãëÿä öèõ åëåìåíòiâ â çàãàëüíîìó
âèïàäêó íåâiäîìèé.
Â ðîáîòàõ [6℄, [7℄ äàíî îïèñ àëãåáðè S(L)L−1 . Çîêðåìà, áóëî ïîêàçàíî, ùî âñÿêèé íåòðèâiàëüíèé
îäíîðiäíèé ñèìåòðè÷íèé iíâàðiàíò S(L)L,ñòåïiíü ÿêîãî íå äiëèòüñÿ íà õàðàêòåðèñòèêó
ïîëÿ, çàïèñó¹òüñÿ ó âèãëÿäi d(δ)(F ), äå
d(δ) := ad(∂1)
pm1−1ad(∂2)
pm2−1 · · · ad(∂n)
pmn−1,
a F ∈ S(L), ∂1, ∂2, . . . , ∂n  áàçèñ ïðîñòîðó L−1.
Â äàíié ðîáîòi âñòàíîâëåíî óìîâè ÿêèì ïîâèíåí çàäîâîëüíÿòè åëåìåíò F ∈ S(L) äëÿ
òîãî ùîá åëåìåíò d(δ)(F ) áóâ ñèìåòðè÷íèì iíâàðiàíòîì àëãåáðè L. Ïîêàçàíî, ùî äëÿ àëãåáð
Sn(m), Hn(m), Hn(m), (Wn(m)) åëåìåíò F ìà¹ áóòè iíâàðiàíòîì (âiäïîâiäíî íàïiâiíâàðiàíòîì)
ìàêñèìàëüíî¨ ïiäàëãåáðè L0. Âèêîðèñòîâóþ÷è îòðèìàíèé êðèòåðié, îá÷èñëåíî àëãåáðó
ñèìåòðè÷íèõ iíâàðiàíòiâ äëÿ H2 := H2(m), ïðè m = (1, 1, . . . , 1) i p = 3, 5.
2. Íàãàäà¹ìî îçíà÷åííÿ àëãåáð Ëi Wn(m), Sn(m), Hn(m). Çàiêñó¹ìî ïîçíà÷åííÿ äëÿ
íàáîðiâ ç Z
n
+  δ := (δ1, δ2, . . . , δn), δi = p
mi−1, ǫi := (0, . . . , 1, . . . , 0). Ïîêëàäåìî |α| :=
∑
i αi,
α ∈ Zn+.
1
2 Ë. ÁÅÄÀÒÞÊ
Àëãåáðîþ ðîçäiëåíèõ ñòåïåíiâ Kn(m) íàçèâà¹òüñÿ êîìóòàòèâíà àëãåáðà, ÿêà çàäàíà òâið-
íèìè x1, x2, . . . , xn, ñïiââiäíîøåííÿìè x
pm1
1 = 0, . . . x
pmn
n = 0 i ïðàâèëîì ìíîæåííÿ
x(α)x(β) =
(
α + β
α
)
x(α+β),
(
α
β
)
=
∏
i
(
αi
βi
)
òóò x(α) := xα11 . . . , x
αn
n , α ∈ Z
n
+, α ≤ δ.
Çàãàëüíà àëãåáðàWn(m) ïîðîäæó¹òüñÿ âñiìà ñïåöiàëüíèìè äèåðåíöiþâàííÿìè àëãåáðè
Kn(m) âèãëÿäó
D =
∑
i
fi∂i, fi ∈ kn(m).
Ñïåöiàëüíà àëãåáðà Sn(m), n ≥ 2 ¹ ïiäàëãåáðîþ àëãåáðèWn(m), ÿêà ïîðîäæåíà äèåðåíöiþâàííÿìè
Di,j(α) = ∂i(x
(α))∂j − ∂j(x
(α))∂i, i < j ≤ n, α ∈ Z
n
+.
àìiëüòîíîâà àëãåáðà Hn(m), n-ïàðíå, ñêëàäà¹òüñÿ iç äèåðåíöiþâàíü
D(α) =
n∑
i=1
ai,πi∂i(x
(α))∂πi, α ∈ Z
n
+, α < δ,
äå π  iíâîëþòèâíà ïåðåñòàíîâêà áåç íåðóõîìèõ òî÷îê ìíîæèíè {1, 2, . . . , n}, ïðè÷îìó
ai,πi = ±1, ai,πi + aπi,i = 0. Âñi âèùåîçíà÷åíi àëãåáðè ¹ ïðîñòèìè àëãåáðàìè Ëi. Êðiì âêàçàíèõ
àëãåáð ìè òàêîæ áóäåìî ïðàöþâàòè ç àëãåáðîþHn(m) := Hn(m)⊕〈D(δ)〉.Àëãåáðà ñèìåòðè÷íèõ
iíâàðiàíòiâ S(L)L âèçíà÷à¹òüñÿ ÿê àíóëÿòîð L-ìîäóëÿ S(L).
3.Äëÿ êîæíî¨ àëãåáðèWn(m), Sn(m), Hn(m), H¯n(m) êîìïîíåíòà L−1 ïîðîäæåíà êîìóòóþ÷èìè
äèåðåíöiþâàííÿìè ∂1, . . . , ∂n, òîìó îïåðàòîð d
(δ)
âèçíà÷åíèé êîðåêòíî äëÿ âñiõ òèïiâ
àëãåáð.
Îçíà÷åííÿ. Åëåìåíò F ∈ S(L) íàçèâà¹òüñÿ ãåíåðàòîðîì ñèìåòðè÷íîãî iíâàðiàíòà
z, ÿêùî âèêîíó¹òüñÿ ðiâíiñòü z = d(δ)(F ).
Çíàííÿ ãåíåðàòîðà ñèìåòðè÷íîãî iíâàðiàíòà âàæëèâå ç îá÷èñëþâàëüíî¨ òî÷êè çîðó, îñêiëüêè,
ãåíåðàòîð ìà¹ íàáàãàòî ïðîñòiøèé âèãëÿä íiæ âiäïîâiäíèé éîìó ñèìåòðè÷íèé iíâàðiàíò. Â
ðîáîòi [6℄ âñòàíîâëåíî, ùî äëÿ êîæíîãî îäíîðiäíîãî ñèìåòðè÷íîãî iíâàðiàíòà z, àëãåáðè Ëi
L, äëÿ ÿêîãî deg(z) 6= 0 mod p, iñíó¹ ¹äèíèé, ç òî÷íiñòþ äî ÿäðà îïåðàòîðà d(δ), ãåíåðàòîð.
Íàñòóïíà òåîðåìà âñòàíîâëþ¹ ÿêèìè âëàñòèâîñòÿìè âîëîäi¹ ãåíåðàòîð ñèìåòðè÷íîãî iíâàðiàíòà.
Òåîðåìà 1. Íåõàé z  íåòðèâiàëüíèé ñèìåòðè÷íèé îäíîðiäíèé iíâàðiàíò àëãåáðè L,
deg(z) 6= 0 mod p, i F  éîãî ãåíåðàòîð. Òîäi
(i) ÿêùî L = Wn(m) òî L1(F ) = 0 i ad(−xi∂j)(F ) = δi,jF, δi,j ñèìâîë Êðîíåêåðà;
(ii) ÿêùî L = Sn(m) àáî L = Hn(m), òî L0(F ) = 0.
Äîâåäåííÿ. (i) Â ðîáîòi [7℄ ïîêàçàíî, ùî åëåìåíò F ìîæíà ïîäàòè ó âèãëÿäi
F = z1A1 + z2A2 + · · ·+ znAn,
äå zi = x
(δ)∂i, Ai ∈ S(L), à âåêòîðíèé ïðîñòið A, íàòÿãíóòèé íà åëåìåíòè A1, A2, . . . An ¹
L1-ìîäóëåì ç íóëüîâîþ äi¹þ. Êðiì òîãî A ¹ íåçâiäíèì L0-ìîäóëåì ç íàñòóïíîþ äi¹þ
Di,j(Ak) = −δj,kAi, Di,j := −ad(xi∂j).
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Âðàõîâóþ÷è òå, ùî Di,j(zk) = δi,jzk + δi,kzj îòðèìà¹ìî
Di,j(F ) = Di,j
(∑
k
zkAk
)
=
∑
k
(
Di,j(zk)Ak + zkDi,j(Ak)
)
=
=
∑
k
(
(δi,jzk+δi,kzjAk+zk(−δj,kAi)
)
=δi,jF+zj
∑
k
δi,kAk−Ai
∑
k
δj,kzk =
= δi,jF + zjAi − zjAi = δi,jF.
Îñêiëüêè, äëÿ âñiõ i ìà¹ìî L1(zi) = 0 i L1(A) = 0, òî i L1(F ) = 0.
(ii) Íåõàé L = Sn(m). Â ðîáîòi [6℄ ïîêàçàíî, ùî äîâiëüíèé îäíîðiäíèé ñèìåòðè÷íèé
iíâàðiàíò z ∈ S(L)L, deg(z) 6= 0 mod p çàïèñó¹òüñÿ ó ñïåöiàëüíîìó âèãëÿäi z = d(δ)(F ),
ïðè÷îìó F =
∑
i<j zi,j(δ)Ai,j, äå Ai,j ∈ S(L) i zi,j := ∂i(x
(δ))∂j − ∂j(x
(δ))∂i. Ïîêëàäåìî
Di,j = ad(xi∂j), Ti,j = ad(xi∂j−xj∂j). ßê i â ðîáîòi [7℄ ìîæíà äîâåñòè íàñòóïíå òâåðäæåííÿ
Ëåìà. Âåêòîðíèé ïðîñòið A ïîðîäæåíèé åëåìåíòàìè Ai,j ¹ L0-ìîäóëåì ç íàñòóïíîþ
äi¹þ
Ds,t(Ai,j) = δt,jAi,s + δi,tAs,t, Ts,t(Ai,j) = (δj,s + δi,s − δi,t − δj,t)Ai,j,
i L1(A) = 0
Ïðÿìèìè îá÷èñëåííÿìè â àëãåáði L îòðèìó¹ìî:
Ds,t(zi,j) = [xs∂t, ∂i(x
(δ))∂j − ∂j(x
(δ))∂i] = δi,szj,t + δj,szt,i,
Ts,t(zi,j) = [xs∂s − xt∂t, ∂i(x
(δ))∂j − ∂j(x
(δ))∂i] = (δi,s + δj,s − δi,t − δj,t)zj,i.
Çíàõîäèìî:
Ds,t(F ) = Ds,t
(∑
i<j
zi,jAi,j
)
=
∑
i<j
((
δi,szj,t + δj,szt,iAi,j + zi,j(δt,jAi,s + δi,tAs,t)
))
=
=
∑
i<j
δi,szj,tAi, j +
∑
i<j
δj,szt,iAi,j +
∑
i<j
δt,jzi,jAi,s +
∑
i<j
δi,tAs,tzi,j =
=
∑
s<j
zj,tAs, j +
∑
i<s
zt,iAi,s +
∑
i<t
zi,tAi,s +
∑
t<j
As,jzt,j =
=
∑
s<i
zi,tAs,i +
∑
i<s
zt, iAi,s +
∑
i<t
zi,tAi, s +
∑
t<i
As ,izt,i =
=
∑
i
zt,iAi,s +
∑
i
zi,tAi,s =
∑
i
(zt,i + zi,t)Ai,s = 0.
i
Ts,t
(∑
i<j
zi,jAi,j
)
=
∑
i<j
(
(δi,s+δj,s−δi,t−δj,t)zj,iAi,j+zi,j(δj,s+δi,s−δi,t−δj,t)Ai,j
)
=
=
∑
i<j
(δj,s + δi,s − δi,t − δj,t)(zj,iAi,j + zi,jAi,j) = 0.
Îñêiëüêè, äèåðåíöiþâàííÿ xs∂t i xs∂s − xt∂t ïîðîäæóþòü àëãåáðó L0 òî L0(F ) = 0.
Âðàõóâàâøè L1(A) = 0 i L1(zi,j(δ)) = 0 îòðèìà¹ìî, ùî L1(F ) = 0. Òîìó i L0(F ) = 0.
(iii) Íåõàé L = Hn(m). Ç ðîáîòè [6℄ âèïëèâà¹ ùî F ∈ Hn(m), ïðè÷îìó F = uA, A ∈
S(Hn(m)), òóò u = x
(δ). Òîäi, âðàõóâàâøè
(
δ
α
)
= (−1)|α| mod p, îòðèìà¹ìî
z := d(δ)(F ) = d(δ)(uA) =
∑
α
(−1)|α|d(α)(u)d(δ−α)(A).
Îñêiëüêè åëåìåíòè {d(α)(u), 0 ≤ α < δ, } î÷åâèäíî, óòâîðþþòü áàçèñ àëãåáðè Hn(m),
òî åëåìåíòè {d(δ−α)(A), 0 ≤ α < δ}, óòâîðþþòü áàçèñ ñïðÿæåíîãî ìîäóëÿ Hn(m)
∗. Àëå
äëÿ ãàìiëüòîíîâî¨ àëãåáðè iñíó¹ içîìîðiçì Hn(m)-ìîäóëiâ ϕ : Hn(m) → Hn(m)
∗, ÿêèé
4 Ë. ÁÅÄÀÒÞÊ
ïðîäîâæó¹òüñÿ äî ãîìîìîðiçìó ϕ : Hn(m) → Hn(m)
∗, ïðè÷îìó ϕ(u) = A. Îñêiëüêè
L0(u) = 0 òî i L0(A) = 0 çâiäêè îòðèìà¹ìî L0(F ) = 0.

Ïåðåõiä âiä çíàõîäæåííÿ ñèìåòðè÷íîãî iíâàðiàíòà äî çíàõîäæåííÿ éîãî ãåíåðàòîðà ¹
âàæëèâèì ç îá÷èñëþâàëüíî¨ òî÷êè çîðó, îñêiëüêè ñèìåòðè÷íi iíâàðiàíòè â ðîçãîðíóòîìó
âèãëÿäi çàäàþòüñÿ äóæå ãðîìiçäêèìè âèðàçàìè.
Äîâåäåìî îáåðíåíó òåîðåìó.
Òåîðåìà 2. Íåõàé F ∈ S(L) ïðè÷îìó:
(i) äëÿ L = Wn(m) âèêîíó¹òüñÿ L1(F ) = 0 i ad(xi∂j)(F ) = −δi,jF,
(ii) äëÿ L = Sn(m), àáî L = Hn(m), âèêîíó¹òüñÿ L0(F ) = 0.
Òîäi åëåìåíò d(δ)(F ) ¹ ñèìåòðè÷íì iíâàðiàíòîì.
Äîâåäåííÿ. Àëãåáðà Ëi L ïîðîäæó¹òüñÿ ÿê àëãåáðà äèåðåíöiþâàííÿìè ç L−1 i Lr.Äèåðåíöiþâàííÿ
di = ad(∂i), ∂i ∈ L−1 êîìóòóþòü ìiæ ñîáîþ, i, âðàõóâàâøè d
pmi
i = 0, îòðèìà¹ìî, ùî di(d
(δ)(F )) =
0. Îòæå, äëÿ ïåðåâiðêè òîãî, ùî åëåìåíò d(δ)(F ) ¹ ñèìåòðè÷íèì iíâàðiàíòîì äîñòàòíüî
ïîêàçàòè, ùî Lr(d
(δ)(F )) = 0.
Íåõàé L = Wn(m).Êîìïîíåíòà Lr ïîðîäæåíà äèåðåíöiþâàííÿìè âèãëÿäó x
(δ)∂i.Ïîêëàäåìî
Di = ad(x
(δ)∂i) i ïîêàæåìî, ùî â óìîâàõ òåîðåìè Di(d
(δ)(F )) = 0 äëÿ âñiõ i ≤ n. Ìà¹ìî,
Di
(
d(δ)(F )
)
=
∑
γ
(−1)|γ|
(
δ
γ
)
d(δ−γ)
(
d(γ)(Di)(F )
)
.
Äëÿ òèõ çíà÷åííü γ äëÿ ÿêèõ d(γ)(Di) ∈ L1 âiäïîâiäíi äîäàíêè ñóìè ðiâíi íóëþ. Òîìó
Di
(
d(δ)(F )
)
= (−1)|δ|
(
δ
δ
)
d(ǫk)(F ) +
∑
j
(−1)|δ−ǫj |
(
δ
δ − ǫj
)
d(δ−ǫk)(Di)(F ) =
= (−1)nd(ǫk)(F ) +
∑
j
(−1)n−1(−1)|ǫj|d(ǫj)((ad(x(ǫj)∂k)(F )) =
= (−1)nd(ǫk)(F ) + (−1)nd(ǫk)(ad(x(ǫk)∂k)(F )) = d
(ǫk)(F )((−1)n + (−1)n+1) = 0.
Îòæå, d(δ)(F ) ∈ S(L)L.
Íåõàé L = Sn(m). Ó öüîìó âèïàäêó êîìïîíåíòà Lr ïîðîäæåíà âñiìà äèåðåíöiþâàííÿìè
âèãëÿäó ∂i(x
(δ))∂j − ∂j(x
(δ))∂i. Ïîêàæåìî, ùî êîëè F çàäîâîëüíÿ¹ óìîâàì òåîðåìè, òî
Di,j(δ)
(
d(δ)(F )
)
= 0, äëÿ âñiõ i < j ≤ n, Di,j(δ) = ad(∂i(x
(δ))∂j − ∂j(x
(δ))∂i)). Ìà¹ìî
Di,j(δ)
(
d(δ)(F )
)
=
∑
γ
(−1)|γ|
(
δ
γ
)
d(δ−γ)
(
d(γ)(Di,j(δ))(F ))
)
.
ßêùî, |γ| > 1, òî çà óìîâîþ d(γ)(Di,j)(F ) = 0. Òîìó íåíóëüîâi äîäàíêè áóäóòü ëèøå ïðè
òàêèõ íàáîðàõ  δ, δ−ǫ1, . . . , δ−ǫn. Àëå d
(δ)(Di,j(δ)) = Di,j(0) = 0. Òîìó
Di,j(δ)
(
d(δ)(F )
)
=
∑
k
(−1)(δ−ǫk)dǫk
(
d(δ−ǫk)(δ)(F )
)
=
∑
k
(−1)n−1d
(ǫk)
Di,j(ǫk)(F ) =
= (−1)n−1
∑
k
d(ǫk)
(
ad(∂i(x
ǫk)∂j − ∂j(x
ǫk)∂i)(F )
)
= (−1)n−1
∑
k
d(ǫk)(ad(δi,k∂j − δj,k∂i)(F )) =
= (−1)n−1
(
d(ǫi)(∂j(F ))− d
(ǫj)(∂i(F ))
)
= (−1)n−1
(
d(ǫi)d(ǫj)(F )− d(ǫj)d(ǫi)(F )
)
= 0.
Òàêèì ÷èíîì d(δ)(F ) ∈ S(L)L.
Äëÿ àëãåáðè L = Hn(m) äîâåäåííÿ àíàëîãi÷íå. 
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Çàóâàæèìî, ùî iç äàíîãî äîâåäåííÿ çîâñiì íå âèïëèâà¹ íåòðèâiàëüíiñòü ñèìåòðè÷íîãî
iíâàðiàíòà d(δ)(F ), íàâiòü ÿêùî F çàäîâîëüíÿ¹ óìîâàì òåîðåìè. Òîìó ïðè îá÷èñëåííÿõ
ïîòðiáíî îêðåìî ïåðåâiðÿòè ÷è åëåìåíò d(δ)(F ) âiäìiííèé âiä íóëÿ.
Òàêèì ÷èíîì, ìè çâåëè ïðîáëåìó îá÷èñëåííÿ ñèìåòðè÷íèõ iíâàðiàíòiâ äî åêâiâàëåíòíî¨
çàäà÷i îá÷èñëåííÿ ãåíåðàòîðiâ ñèìåòðè÷íèõ iíâàðiàíòiâ, ÿêà ¹ ïðîñòiøîþ ç îá÷èñëþâàëüíî¨
òî÷êè çîðó.
4. Âèêîðèñòà¹ìî òåîðåìó 2 äëÿ çíàõîäæåííÿ ñåði¨ íåòðèâiàëüíèõ ñèìåòðè÷íèõ iíâàðiàíòiâ
àëãåáð Hn(m) i Hn(m).
Ëåìà. Åëåìåíòè ∆i = d
(δ)(ui), i = 2, . . . , p−1, u:=D(δ) ¹ íåòðèâiàëüíèìè, ñèìåòðè÷íèìè
iíâàðiàíòàìè àëãåáðè Hn(m).
Äîâåäåííÿ. Îñêiëüêè, L0(u) = 0 òî i L0(u
i) = 0. Òîìó, ç òåîðåìè 2 âèïëèâà¹, ùî â åëåìåíòè
d(δ)(ui) ¹ ñèìåòðè÷íèìè iíâàðiàíòàìè. Äîâåäåìî ¨õíþ íåòðèâiàëüíiñòü çà iíäóêöi¹þ. Åëåìåíò
äðóãîãî ñòåïåíÿ ∆2 ¹ åëåìåíòîì Êàçèìiðà àëãåáðè Hn(m),(äèâ. [4℄, [8℄) i íå ðiâíèé íóëþ.
Åëåìåíò ∆i çàïèøåìî ó âèãëÿäi
∆i = d
(δ)(ui) = u
(∑i−2
k=1
(
i
k
)
uk−1d(δ)(ui−k)
)
+∆′i = u
(∑i−2
k=1
(
i
k
)
uk−1∆i−k
)
+∆′i.
Òóò ∆′i = ∆i
∣∣
u=0
∈ S(Hn(m)). Îñêiëüêè, çà ïðèïóùåííÿì iíäóêöi¨, âñi ∆k, k < i âiäìiííi
âiä íóëÿ i ¹ àëãåáðà¨÷íî íåçàëåæíèìè íàä K[u], òî i ∆i âiäìiííèé âiä íóëÿ ñèìåòðè÷íèé
iíâàðiàíò. 
Îñêiëüêè, ìà¹ ìiñöå ðîçêëàä Hn(m) = Hn(m) ⊕ 〈D(δ)〉, òî êîæåí åëåìåíò z ç S(Hn(m))
îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi ñóìè z = uz1 + z2, äå z1 ∈ S(Hn(m)), z2 ∈ S(Hn(m)).
ßêùî æ z  ñèìåòðè÷íèé iíâàðiàíò àëãåáðèHn(m), òî, î÷åâèäíî, z2 = z
∣∣
u=0
áóäå ñèìåòðè÷íèì
iíâàðiàíòîì ìàêñèìàëüíî¨ ïiäàëãåáðè àëãåáðè Hn(m). Òàêèì ÷èíîì, åëåìåíò ∆i
∣∣
u=0
∈
S(Hn(m)) çàäîâîëüíÿ¹ óìîâàì òåîðåìè 2 i òîìó âií ¹ ãåíåðàòîðîì ñèìåòðè÷íîãî iíâàðiàíòà
àëãåáðèHn(m).ßêùî æ åëåìåíò∆i
∣∣
u=0
, ðiâíèé íóëþ íàä ïîëåìK, òî ðîçãëÿíåìî âiäîáðàæåííÿ
ϕ : S(L) → S(L) âèçíà÷åíå òàêèì ÷èíîì ϕ(a) := τ(a)
pm
mod p, äå τ ¹ âêëàäåííÿ êiëüöÿ
S(L) = K[L] â êiëüöå Z[L], à m  ìàêñèìàëüíèé ñòåïiíü ç ÿêèì p âõîäèòü äî ðîçêëàäó
íàéáiëüøîãî ñïiëüíîãî äiëüíèêà êî¹iöi¹íòiâ ìíîãî÷ëåíà τ(a) ∈ Z[L]. Òîäi ãåíåðàòîðè
ñèìåòðè÷íèõ iíâàðiàíòiâ áóäåìî øóêàòè ó âèãëÿäi ϕ(
(
∆i
∣∣
u=0
)
)
.
Íåõàé K
p
n  p-öåíòð àëãåáðè Hn := Hn(1, 1, . . . , 1), òîáòî ïiäàëãåáðà â S(Hn)
Hn
ïîðîäæåíà
p-ìè ñòåïåíÿìè åëåìåíòiâ ç S(Hn). Ïîêëàäåìî ui,j = x
i
1x
j
2, (i, j) < (p − 1, p− 1). Íåâàæêî
ïåðåêîíàòèñÿ, ùî äëÿ ïîëÿ õàðàêòåðèñòèêè p = 3 àëãåáðà ñèìåòðè÷íèõ iíâàðiàíòiâ àëãåáðè
H2 ðiâíà K
3
2[∆2], äå
∆2 = d
(δ)(u2) = (ad(∂1))
2(ad(∂2))
2(u) = 2 u0, 1 u2, 1 + 2 u1, 0 u1, 2 + u1, 1
2 + 2 u2,0 u0, 2.
Íàñòóïíà òåîðåìà îïèñó¹ àëãåáðó ñèìåòðè÷íèõ iíâàðiàíòiâ àëãåáðè H2, p = 5.
Òåîðåìà 3. S(H2)
H2 = K52[∆2,∆
∗
4,∆
∗
6], äå ∆
∗
i = d
(δ)
(
ϕ(
(
∆i
∣∣
u=0
))
.
Äîâåäåííÿ. Ïðÿìèìè îá÷èñëåííÿìè âMaple ïåðåêîíó¹ìîñÿ, ùî âêàçàíi åëåìåíòè ¹ ñèìåòðè÷íèìè
iíâàðiàíòàìè, ÿêi ñêëàäàþòüñÿ âiäïîâiäíî iç 12, 78 i 708 äîäàíêiâ. Â ñèëó ãðîìiçäñêîñòi
âèïèøåìî ëèøå ¨õíi ãåíåðàòîðè. åíåðàòîð ñèìåòðè÷íîãî iíâàðiàíòà∆2 ðiâíèé u
2
4,4. åíåðàòîðè
6 Ë. ÁÅÄÀÒÞÊ
ñèìåòðè÷íèõ iíâàðiàíòiâ ∆∗4 , ∆
∗
6 ìàþòü âiäïîâiäíî âèãëÿä
u2, 3
2 u4, 3
2 + 2 u4, 2 u4, 3
2 u0, 4 + 4 u0, 3 u4, 3
3 + 2 u1,2 u4, 3
2 u3, 4 + 2 u1,3 u3, 3 u4, 3
2
+ 2 u2, 1 u4, 3 u3, 4
2 + 2 u2, 2 u4, 3
2 u2, 4 + 2 u2, 2 u4, 2 u3, 4
2 + 2 u2, 3 u3, 3
2 u4, 3
+ 2 u2, 3 u4, 1 u3, 4
2 + 2 u3, 1 u3, 3 u3, 4
2 + 2 u3, 2 u4, 3
2 u1, 4 + 2 u3, 2 u3, 3
2 u3, 4
+ 2 u3, 3
2 u4, 2 u2, 4 + 2 u4, 0 u2, 4 u3, 4
2 + 2 u4, 1 u4, 3 u2, 4
2 + 2 u4, 2
2 u1, 4 u3, 4
+ 4 u1, 3 u4, 2 u4, 3 u3, 4 + 4 u2, 2 u3, 3 u4, 3 u3, 4 + 4 u2,3 u4, 2 u4, 3 u2, 4 + 4 u2,3 u3, 2 u4, 3 u3, 4
+ 4 u2, 3 u3, 3 u4, 2 u3, 4 + 4 u3, 1 u4, 3 u2, 4 u3, 4 + 4 u3,2 u3, 3 u4, 3 u2, 4 + 4 u3,2 u4, 2 u2, 4 u3, 4
+ 4 u3, 3 u4, 1 u2, 4 u3, 4 + 4 u3, 3 u4, 2 u4, 3 u1, 4 + 4 u4,1 u4, 3 u1, 4 u3, 4 + u3, 3
4 + 4 u3,0 u3, 4
3
+ u3, 2
2 u3, 4
2 + u4, 2
2 u2, 4
2
òà
4 u3, 3 u4, 2 u4, 3 u3, 4
3 + 4 u3, 3 u4, 3
3 u2, 4 u3, 4 + 2 u2,3 u4, 3
3 u3, 4
2 + 2 u3, 2 u4, 3
2 u3, 4
3
+ 3 u3, 3
2 u4, 3
2 u3, 4
2 + u4, 1 u4, 3 u3, 4
4 + u4, 3
4 u1, 4 u3, 4 + u4, 2 u4, 3
2 u2, 4 u3, 4
2
+ 3 u4, 2
2 u3, 4
4 + 3 u4,3
4 u2, 4
2.
Ïîêàæåìî, ùî ñèìåòðè÷íi iíâàðiàíòè ∆2, ∆
∗
4, ∆
∗
6 àëãåáðà¨÷íî íåçàëåæíi. Àëãåáðà H2
ïîðîäæó¹òüñÿ åëåìåíòàìè âèãëÿäó d(α)(u), α < δ. Âèçíà÷èìî ÷èñëîâó àäèòèâíó óíêöiþ
λ íà S(H2) òàêèì ÷èíîì λ(d
(α)(u)) = |α|, λ(h1)λ(h2) = λ(h1) + λ(h2), h1, h2  ìîíîìè ç
S(H2). Î÷åâèäíî, ùî íà ìîíîìàõ åëåìåíòà ∆2 óíêöiÿ λ ïðèéìà¹ çíà÷åííÿ 2(p − 1) = 8
äëÿ âñiõ i, à íà ìîíîìàõ åëåìåíòà ∆∗4 i ∆
∗
6 âîíà ïðèéìà¹ çíà÷åííÿ 4(p− 1) = 16. Ïðÿìîþ
ïåðåâiðêîþ çíàõîäèìî, ùî åëåìåíòè ∆22 i ∆
∗
4 íåïðîïîðöiéíi. Åëåìåíò 6-ãî ñòåïåíÿ ∆
∗
6 ìîæå
íàëåæàòè àëãåáði k[∆2,∆
∗
4] ëèøå ó âèïàäêó, êîëè âií ¹ ëiíiéíîþ êîìáiíàöi¹þ ìîíîìiâ ∆
3
2
i ∆2∆
∗
4. Àëå λ(∆
3
2) = 6(p− 1) = 24 i λ(∆2∆
∗
4) = 32. Îñêiëüêè, ìà¹ìî λ(∆
∗
6) = 16, òî ∆
∗
6 íå
íàëåæèòü äî k[∆2,∆
∗
4]. Òàêèì ÷èíîì âêàçàíi òðè ñèìåòðè÷íèõ iíâàðiàíòè ¹ àëãåáðà¨÷íî
íåçàëåæíèìè.
ß.Ñ. Êðèëþêîì â [5℄ ïîðàõîâàíi iíäåêñè àëãåáð Ëi êàðòàíiâñüêîãî òèïó, òîáòî ìiíiìàëüíó
êiëüêiñòü íåòðèâiàëüíèõ ïîðîäæóþ÷èõ åëåìåíòiâ öåíòðà óíiâåðñàëüíî¨ îãîðòóþ÷î¨ àëãåáðè.
Çîêðåìà äëÿ àëãåáðèH2 iíäåêñ ðiâíèé p−2 = 3.Òîìó çíàéäåíà ñèñòåìà iç òðüîõ ñèìåòðè÷íèõ
iíâàðiàíòiâ ∆2, ∆
∗
4, ∆
∗
6 ïîðîäæó¹ íaä p-öåíòðîì àëãåáðó ñèìåòðè÷íèõ iíâàðiàíòiâ àëãåáðè
H2. 
Äëÿ âèïàäêó äîâiëüíî¨ õàðàêòåðèñòèêè ïîëÿ p, âèñëîâèìî íàñòóïíå ïðèïóùåííÿ
iïîòåçà. S(H2)
H2 = Kp2[∆2,∆
∗
4, . . .∆
∗
2(p−2)].
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